In this paper we introduce the concept of cone metric spaces with Banach algebras, replacing Banach spaces by Banach algebras as the underlying spaces of cone metric spaces. With this modification, we shall prove some fixed point theorems of generalized Lipschitz mappings with weaker conditions on generalized Lipschitz constants. An example shows that our main results concerning the fixed point theorems in the setting of cone metric spaces with Banach algebras are more useful than the standard results in cone metric spaces presented in the literature. MSC: 54H25; 47H10
Introduction
Cone metric spaces were introduced by Huang and Zhang as a generalization of metric spaces in [] . The distance d(x, y) of two elements x and y in a cone metric space X is defined to be a vector in an ordered Banach space E, and a mapping T : X → X is said to be contractive if there is a constant k ∈ [, ) such that d(Tx, Ty) ≤ kd(x, y), x, y ∈ X.
(  )
The right-hand side of inequality () is the vector as the result of the operation of scalar multiplication in cone metric spaces. In [] , the authors proved that there exists a unique fixed point for contractive mappings in complete cone metric spaces. Recently, scholars obtained that any cone metric space (X, 
which implies that cone metric spaces are a special case of classical metric spaces. After that, some other interesting generalizations were developed. See, for instance, [] .
In this paper, we replace the Banach space E by a Banach algebra A and obtain the concept of cone metric spaces with Banach algebras. In this way, we shall prove some fixed ©2013 Liu and Xu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2013/1/320 point theorems of generalized Lipschitz mappings with weaker and natural conditions on the Lipschitz constant k. Our results generalize metric spaces and reveal the fact that the essential conditions on the contraction constant k are neither order relations nor norm relations, but spectrum radius.
Let A always be a real Banach algebra. That is, A is a real Banach space in which an operation of multiplication is defined, subject to the following properties (for all x, y, z ∈ A, α ∈ R):
. (xy)z = x(yz); . x(y + z) = xy + xz and (x + y)z = xz + yz; . α(xy) = (αx)y = x(αy); . xy ≤ x y . In this paper, we shall assume that a Banach algebra has a unit (i.e., a multiplicative identity) e such that ex = xe = x for all x ∈ A. An element x ∈ A is said to be invertible if there is an inverse element y ∈ A such that xy = yx = e. 
A subset P of A is called a cone if . P is non-empty closed and {, e} ⊂ P; . αP + βP ⊂ P for all non-negative real numbers α, β;
For a given cone P ⊂ A, we can define a partial ordering ≤ with respect to P by x ≤ y if and only if y -x ∈ P. x y will stand for x ≤ y and x = y. While x < y will stand for y -x ∈ int P, where int P denotes the interior of P.
The cone P is called normal if there is a number M >  such that for all x, y ∈ A,
The least positive number satisfying the above is called the normal constant of P [].
In the following we always assume that P is a cone in A with int P = ∅ and ≤ is the partial ordering with respect to P. 
Then d is called a cone metric on X, and (X, d) is called a cone metric space (with a Banach algebra A).
We present some examples in the following. Then A is a real Banach algebra with the unit e, the identity matrix.
Let
Let X = M n (R), and define the metric d :
Then (X, d) is a cone metric space with a Banach algebra A.
Example . Let A be the Banach space C(K) of all continuous real-valued functions on a compact Hausdorff topological space K , with multiplication defined pointwise. Then A is a Banach algebra, and the constant function f (t) =  is the unit of A.
Thus A is a Banach algebra. The unit e is (, , , . . .).
Let P = {a = (a n ) n≥ ∈ A | a n ≥  for all n ≥ }, which is a normal cone in A.
And let X =  with the metric d :
Then (X, d) is a cone metric space with A. http://www.fixedpointtheoryandapplications.com/content/2013/1/320
) be a cone metric space, x ∈ X and {x n } a sequence in X. Then . {x n } converges to x whenever for each c ∈ A with  < c, there is a natural number N such that d(x n , x) < c for all n ≥ N . We denote this by lim n→∞ x n = x or x n → x. . {x n } is a Cauchy sequence whenever for each c ∈ A with  < c, there is a natural number
) is a complete cone metric space if every Cauchy sequence is convergent. 
Main results
In this section we shall prove some fixed point theorems of generalized Lipschitz mappings in the setting of cone metric spaces with Banach algebras. Proof Choose x  ∈ X and set x n = T n x, n ≥ . We have
Thus, for n < m,
Since P is normal with a normal constant M, and note that k n →  (n → ∞), we have
Hence {x n } is a Cauchy sequence. By the completeness of X, there exists x * ∈ X such that
and consequently,
That is,
Multiplying both sides above by
we get d(x * , y * ) ≤ . Thus d(x * , y * ) = , which implies that x * = y * , a contradiction. Hence, the fixed point is unique.
Remark . Note that in Theorem . we only suppose that the spectral radius of k is less than , neither k < e nor k <  assumed. This is a vital improvement. In fact, the condition ρ(k) <  is weaker than that k < , as is illustrated by Example . in the sequel. The improvement of the condition about the generalized Lipschitz constant k shows that it is meaningful to introduce the concepts of cone metric spaces with Banach algebras and a generalized Lipschitz condition.
Theorem . Let (X, d) be a complete cone metric space, P be a normal cone with a normal constant M. Suppose that the mapping T : X → X satisfies the generalized Lipschitz condition
where k ∈ P with ρ(k) <  
. Then T has a unique fixed point in X. And for any x ∈ X, iterative sequence {T n x} converges to the fixed point.
Proof Choose x  ∈ X, and set x n = T n x, n ≥ . We have
We shall prove that
which implies that {x n } is a Cauchy sequence by the proof of Theorem .. Note that (ek) - and k commute.
Let n be large enough such that
where α ∈ R such that lim n→∞ k
and {x n } is a Cauchy sequence. By the completeness of X, there is x * ∈ X such that x n → x * (n → ∞). To verify Tx
By the normality of P, we have
Now if y * is another fixed point, then
Then d(x * , y * ) = , which implies that x * = y * , a contradiction. Hence, the fixed point is unique. . Then T has a unique fixed point in X. And for any x ∈ X, the iterative sequence {T n x} converges to the fixed point.
As is shown in the proof of Theorem ., it follows that {x n } is a Cauchy sequence, and, by the completeness of X, the limit of x n exists and is denoted by x * .
To see that x * is a fixed point of T, we have
which implies that x * = y * , a contradiction. Hence, the fixed point is unique.
We conclude the paper with an example.
is defined by
Then A is a Banach algebra with unit e = (, ).
Then P is normal with a normal constant M = .
Let X = R  and the metric d be defined by
Then (X, d) is a complete cone metric space. Now define the mapping T : X → X by
where α can be any large positive real number. From Lagrange mean value theorem, we have which implies that T is not a contraction in the metric space (X, d * ). This shows that one is unable to prove that Theorem . above is a consequence of the corresponding results in metric spaces by means of the methods presented in the literature.
